Nucleic acids are molecules of choice for both established and emerging nanoscale technologies. These technologies benefit from large functional densities of 'DNA processing elements' that can be readily manufactured. To achieve the desired functionality, polynucleotide sequences are currently designed by a process that involves tedious and laborious filtering of potential candidates against a series of requirements and parameters. Here, we present a complete novel methodology for the rapid rational design of large sets of DNA sequences. This method allows for the direct implementation of very complex and detailed requirements for the generated sequences, thus avoiding 'brute force' filtering. At the same time, these sequences have narrow distributions of melting temperatures. The molecular part of the design process can be done without computer assistance, using an efficient 'human engineering' approach by drawing a single blueprint graph that represents all generated sequences. Moreover, the method eliminates the necessity for extensive thermodynamic calculations. Melting temperature can be calculated only once (or not at all). In addition, the isostability of the sequences is independent of the selection of a particular set of thermodynamic parameters. Applications are presented for DNA sequence designs for microarrays, universal microarray zip sequences and electron transfer experiments.
INTRODUCTION
Nucleic acids can be synthetically 'programmed' by designing their primary sequence to form pre-defined structures that are easily detectable on the molecular level (1) . Moreover, basepairing by hydrogen bonding between complementary bases (2) is the basic and well-known mechanism by which the final molecular state is related to the nucleic acid sequence. Higher level corrections to this basic principle, such as stabilizing contributions of base stacking, destabilization by mismatches (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) , or probabilistic and kinetic aspects of secondary structure formation (13) (14) (15) (16) (17) are also well characterized. Nucleic acids are thus molecules of choice for both established and emerging nanoscale technologies. These technologies benefit from large functional densities of 'DNA processing elements' that can be readily manufactured. DNA-based devices are used in many diverse applications. They include biological DNA microarrays for gene expression analyses (18) (19) (20) , chips for gene sequencing by hybridization (21) and medical diagnostic applications, such as branched DNA chips (22, 23) , single nucleotide polymorphism (SNP) detection microarrays (18, (24) (25) (26) (27) , chips for phylogenetic studies (28) , for transcriptome arrays (29) and even for tracking the temporal ordering of events in biological systems (30) . Technical applications of DNAs include nanoscale self-assembly systems (31) (32) (33) (34) (35) (36) , molecular transport devices (33) , components for molecular computing (switches, logical units and programmable molecular systems for massively parallel computing) (32, and 'molecular motors' (64) . To achieve the desired functionality in all these technological applications, polynucleotides are currently designed by tedious and laborious filtering of potential candidates against a series of requirements and parameters. This 'brute force' process is used to ensure that the selected molecules hybridize optimally under pre-defined experimental conditions (29, 65, 66) . Among these requirements, a narrow distribution of melting temperatures (T m s) of the selected sequences is standard for all applications. For example, to achieve a better uniformity during hybridization on microarrays, it is more important to have a narrow T m distribution rather than a uniform oligonucleotide length. Therefore, some approaches for microarray oligomer design suggest that adjusting the arrayed sequence length by one or a few nucleotides would result in the narrowest possible T m range (13) .
Thermodynamic methods (2-4,10) provide a general relationship between the DNA sequence composition and its stability. In their current form, these methods can be routinely used to calculate the T m of a given polynucleotide sequence. Thus, any DNA design in which isostability is desirable is currently a very inefficient process because it requires that the sequence is actually generated before its T m can be predicted. This can be done by a brute-force approach where the computer generates all possible oligomers, calculates their T m and keeps only those with the desired stability. As the number of possible sequences increases by six orders of magnitude for every 10 bp added, the search through the complete set of possible sequences becomes very soon unrealistic. To bypass this problem, a manageable set of candidate sequences is generated randomly as the input for stability filtering (1, 65) . The stringency of the isostability criterion defines the extent of inevitable sequence rejections in this step. Moreover, the designer has very limited control over the candidate sequence features. This leads to the rejections of additional isostable sequences in subsequent design steps, which further contribute to the overall ineffectiveness of the process.
Thus, for optimized sequence design, the formulae predicting T m should be mathematically inverted into a form that would use the desired T m as input and generate the polynucleotide sequences as output. However, this problem is not solvable until now. In this contribution, we present a specific solution of the inversion problem. This solution constitutes a major progress for the broad range of applications which are not forced to start from a given natural set of sequences (as is for example required for SNP microarrays). At the same time, we show, by an illustrative example, that the benefits of having an effective solution to the T m -inversion problem also solve the probe design issues for natural sequences. Our solution to the T m -inversion problem is a general, mathematically complete and most importantly practical method for the direct rational design of large sets of isostable DNA sequences. Formulation of this method stems from discrete mathematics that has provided numerous tools for solving DNA structural problems (67, 68) . We show that encoding of DNA sequences by Eulerian graphs contains not only relevant thermodynamic information for our goal but is also instrumental in providing algorithmic and molecular insight into basic aspects of isostability of nucleic acid duplexes.
Eulerian graphs are mathematical objects that directly reflect the most important structural feature of a DNA molecule-the linearity and connectivity of its unbranched polymer chain. There are two variants of Eulerian graphs that encode DNA sequences. Pevzner et al. (69) introduced the DNA sequence encoding in the form of a de Bruijn graph, in which the algorithmic determination of the Eulerian path solves the problem of assembly of DNA sequences from fragments. Zhang and Waterman (70) recently used the multisequence variant of the de Bruijn graph for improving the accuracy of multisequence alignment. Chechetkin (71) used the de Bruijn graph to analyze the translational stability of the genetic code. Vertices in the de Bruijn graph are structurally defined by subsegments of the encoded sequence. Therefore, DNA polymers with different lengths will have different de Bruijn graphs.
Alternatively, the Eulerian graph with four vertices representing the four nucleobases was introduced as a descriptor of DNA polymers (2) . In this encoding, the number of vertices is independent of the polynucleotide length, a fact that is beneficial for our application here. A simplified form of this graph was used to characterize the similarity of DNA sequences (72) . We recently used this graph to analyze the efficiency of RNA interference (73) . In that application, the decomposition of the complete DNA graph into a finite set of subgraphs (so called basic cycles) was introduced. Here, we show how this decomposition of DNA graphs can be used to directly design isostable sequences without the necessity to actually calculate the T m . At the same time, general insight into the 'anatomy' of the primary structure composition of isostable sequences is gained and used to extend the capabilities of the design method.
MATERIALS AND METHODS

Thermodynamic interpretation of Eulerian graph representation of DNA sequence
We will start our analysis with the nearest-neighbor (nn) level of thermodynamic interpretation of DNA Eulerian graphs. Generalization to higher levels of thermodynamic models is possible and will be shown with the applications in the next section. Within the framework of nn-approximation, the thermodynamic model for calculating enthalpy DH duplex of a DNA oligomer from its sequence can be formally described as the following functional:
Here, the second bracket, [TD] , collects all thermodynamic constants and experimental parameters (DS x are sequencedependent, nucleation and duplex formation entropies, respectively; T xy is the average melting temperature of AT or CG base pairs; dH xy/x 0 y 0 are stacking energies for neighboring bases xy; DG 0 is the standard free energy; C is the duplex concentration; [Na + ] defines the buffer ionic strength; and T 0 is the system temperature). In practice, once the parameter selection and the experimental conditions are optimized, the terms in [TD] do not vary from sequence to sequence but are constant. The first bracket contains information about the DNA sequence (N xy are the numbers of AT and CG base pairs, and N xy/x 0 y 0 are the numbers and types of respective nearestneighbor interactions).
Next, we show how encoding of a DNA sequence by the Eluerian graph G can be related to Equation 1. In general DNA-graph G, the vertices (nodes) correspond to ordered n-tuples of bases (n = 1, 2, . . . , t), and the edges correspond to sugar-phosphate backbone connections between them. The encoded DNA sequence is in mathematical jargon represented as an Eulerian path in G. Existing theory of Eulerian graphs, namely the theorems related to paths (74) , show that expressing a given 'mother' DNA sequence by G immediately produces the representation of the potentially very large set of 'daughter' sequences. Next, we analyze what is unique about these 'daughter' DNA sequences. Let us consider the simplest generators of 'daughter' sequences-DNA graphs able to encode sequence information up to the nearestneighbor level. The corresponding Eulerian graphs G nn have four vertices, each labeled with a single base A, T, C or G. The method of representing a given DNA sequence by this four-vertex Eulerian graph G nn is shown in Figure 1A [also see (2, 73) for other examples]. The resulting graph G nn can then be uniquely characterized by its adjacency matrix A(G nn ) ( Figure 1A, bottom) . Figure 1B shows but accidentally have T m s that are similar. Equation 2 shows that all 'daughter' n-mer sequences represented by one Eulerian graph G nn have the same values of N AT , N CG and fN xy/x 0 y 0 }. Thus every sequence from the complete isostable set of 'daughter' sequences, represented by various Eulerian paths in the same graph G nn , is contextually isostable both to the 'mother' and to all other 'daughter' sequences. For a given oligomer length, graph G nn can therefore be interpreted as a parameter-independent encoding of both primary sequences and the common thermodynamic stability for all contextually isostable DNA polymers that exist (on the nearest-neighbor approximation level).
Next we show that by extending the above analysis, Equation 2 transforms from being a trivial copy of Equation 1 into the foundation of the sequence design algorithms that we describe here. Thermodynamic interpretation of the DNA Eulerian graph G nn shows that the problem of inverting thermodynamic formula for T m into a generator of contextually isostable DNA 'daughter' sequences of a given length is solved by finding all Eulerian paths in the graph G nn of the 'mother' oligomer. What is the molecular background for this claim? The numerical representation of graph G nn by its adjacency matrix A(G nn ) might resemble the dinucleotide frequency profile of a (mother) DNA sequence. Taken out of the context of the matrix scheme, the elements a ij are indeed just that-the components of this profile. Nevertheless, this interpretation improperly reduces the informational content of G nn and A(G nn ) to a level that prevents any attempt to rationally design contextually isostable DNA sequences. The additional molecular information that is uniquely captured by the DNA graph G nn describes details of dinucleotide connectivity in the 'mother' sequence. This contextual sequence feature is represented by the network of edges connecting the G nn vertices. Molecularly, a DNA graph G nn is Eulerian because the oligonucleotide sequence is a linear unbranched polymer (see Figure 1) . In a mathematical sense, the Eulerian graph G nn is defined by exclusive topology of its edges, that is to say the number of incoming and outgoing arrows in each vertex is the same. The combination of these molecular and mathematical realizations of a specific structural situation in DNA in G nn enables quantitative capturing of the dinucleotide connectivity: it is necessary to order the dinucleotide frequencies into an unambiguous matrix form of A(G nn ). More importantly, this result also explains why not all combinations of dinucleotide frequencies can describe an actual DNA sequence. The reason is that the diagonal and offdiagonal elements of the corresponding adjacency matrix A(G nn ) are inter-related to satisfy the condition of the Eulerianity of G nn . This is explained below and summarized in Equation 3 (74) .
Molecularly, the diagonal elements A(G nn ) enumerate the four bases in the sequence. The off-diagonal elements of A(G nn ) enumerate the number of 5 0 neighbors (lower left triangle of the matrix) and 3 0 neighbors (upper right triangle) of any base in the sequence. In the linear unbranched polymer, we obtain the same result if we count the bases directly or by counting their 5 0 or 3 0 neighbors. Thus, for the subset of DNA sequence without a-plets of identical bases, the off-diagonal elements in a given row and column should sum to the diagonal element of A(G nn ). If, on the other hand the neighbor of a given base is the same base, it is reflected by an increase in the corresponding diagonal element in A(G nn ). Thus, the final topological feature of a general DNA sequence, i.e. the numbers of $XX$ motifs in it, is enumerated by the differences
This also represents the mathematical formulation of the above discussed relationship between elements of the adjacency matrix A(G nn ). Moreover, it completely defines all relationships between the variables in terms [N c ] of Equation 1. A concrete example in Figure 2 demonstrates how these relationships are applied in a 'pen-and-paper' variant of our rational DNA sequence design. First, let us define our goal. Say that we need a set of 16mer that is contextually nn-isostable. Next, each sequence should contain 25% A, the (A+T)/(C+G) and C/G ratios in these sequences should be 1:1.7 and 1:1, respectively. No sequence in the set should contain $AA$, $GG$, $GC$, $AG$ and $CA$ arrangement of bases. Moreover, $TT$ and $CC$ motifs can appear only once in every sequence. Even though these base composition requirements are rather complex, we show that they can be unambiguously used to easily determine (by hand!) the adjacency matrix A(G nn ) and thus the corresponding graph G nn . (i) The required base composition and the common length of the desired sequences defines the main diagonal of A(G nn ).
(ii) The restrictions on 2-tuple motifs in the sequence define zero off-diagonal elements in the A(G nn ) (see Figure 2A ). In the next step, we use the mathematical restrictions (Equation 3) on elements of the adjacency matrix for Eulerian graphs to determine the remaining offdiagonal elements of A(G nn ). An alternative formulation of these relations is that the off-diagonal elements of A(G nn ) can only be integer partitions of diagonal elements, reduced by the number of base repeats. (iii) The decomposition of a TT and a CC diagonal matrix elements into (5+1) and (2+1) reflects the required presence of $TT$ and $CC$ in the sequence just once. We can now fill in the C-row and column of A(G nn ). There are two integer partitions of 2 = (2+0) and 2 = (1+1). We select (1+1), because having an additional zero would increase the scope of input restrictions listed above. The resulting intermediate form of A(G nn ) is shown in Figure 2B . Following systematically the sum and partition rules further allows to identify the elements a TG = 2 and a AT = 3 (see Figure 2C ). This in turn defines elements a TA = 2, a GA = 2 and a GT = 1. This completes the adjacency matrix A(G nn ) (see Figure 2D) . The corresponding graph G nn is shown in Figure 2E . The enumeration formula (2) reveals that this graph represents $10 4 contextually isostable sequences which all obey the composition and sequence topology restrictions formulated upon input. Brute-force search for sequences with these specific properties would require very detailed scanning of 4 · 10 9 candidates. To demonstrate the quality of the contextual isostability of the daughter DNA sequences defined by this graph, we generated the sequences defined above and calculated their T m with the next-nearest-neighbor (nnn-level) thermodynamic formula. The distribution of calculated T m using this higher-level model is shown in Figure 2F . Such a calculation emulates what might be observed experimentally. The result is very satisfactory: the total variation of predicted melting temperatures for all daughter sequences is only -0.6 C. Of course, only one identical T m would be calculated for all 10 4 DNAs if the nn-level of thermodynamic model is used.
The construction of the DNA graph G nn can be done de novo as in Figure 2 or using the given 'mother' DNA sequence as is shown in Figure 1 . Although it is intellectually pleasing to represent thousands of Avogadro's numbers of isostable DNA sequences by a simple sketch or a 16-element mathematical descriptor, it is only the first part of the solution leading to practical applications. Next, we need to solve the problem of how to generate the actual DNA sequences once their graph representation G nn is known. This step is seemingly formal and more suited for those interested in the developments of algorithms. Methods for finding all Eulerian paths in G nn are indeed well established and are shown to run in polynomial time (69, 70, 74) . Nevertheless, we present here a novel specific solution for G nn representation that provides deep molecular insight into what are the unique features of contextually isostable sequences. The details of software implementation of this algorithm and the link to its website are presented as the Supplementary Material on the NAR website. More importantly, the results of this analysis directly answer the next question about DNA sequences that are contextually isostable on higher levels of thermodynamic approximation (next-nearest-neighbor-nnn-or generally n . . . . n level).
To gain the needed molecular insight, we will use our previous result which shows that every DNA graph G nn can be decomposed into a finite set of subgraphs-cycles
To re-iterate, cycles g k are Eulerian graphs with only one inand one out-edge incident to all vertices (73) . Molecularly, they represent segments of the analyzed oligonucleotide sequence. It is important that for G nn representation of any DNA of any length, there are only 24 g k cycles (73) . In our approach, the graph G nn is first decomposed into these basic cycles using the adjacency matrix representation (73) . Formally, the decomposition of G nn can be written as G nn = P k c k g k (c k is the multiplicity of occurrence of a given cycle g k in G nn ). The cycles from the resulting set are then used as building blocks to generate the isostable daughter sequences. To this end, we systematically anneal the cycles g k via superimposing identically labeled vertices. The process is demonstrated by a simple example in Figure 3 .
Using this concrete example, we can show how this approach provides insight into the common molecular Reduction in the number of sequences is the consequence of many identities among templates, which, in turn, is a consequence of the symmetry of graph G nn . This redundancy is only generated due to the 'manual' nature of the construction for demonstration purposes. However, in the final software implementation, these redundancies are avoided. Right panel: the final set of contextually isostable sequences generated by systematic permutation of the permutable segments.
properties of the contextually isostable DNA sequences. In Figure 3 , G nn = g a + 2g b and the input into annealing operation are three cycles g a ,g b ,g b from panel A. By two levels of annealing them with each other, we generate a series of new Eulerian graphs T, with a representative subset shown in panel C. Each of these graphs T encodes one possible network of annealing connections that is allowed given the input set of cycles. We will call this scheme the template. The vertices in template graphs can be divided into two topologically distinct categories. The first kind of vertex has only one incoming and one outgoing edge (d + = d À = 1). The second kind of vertex has more than one incoming and outgoing edge (d + = d À > 1). These second kind vertices form 'nodes' where segments consisting of only vertices of the first kind start and end. By selecting a starting vertex, the DNA sequence S o can be generated by following the oriented edges in T and recording the nucleobase labels of vertices visited along the path. The consequence is that the template T has a branched topology. The branches represent the segments, which start and end in a node in a T graph.
In plain language, this analysis reveals how the sequence of any DNA molecule from a set of contextually isostable oligomers is severely constrained in base composition and neighbor combinations. These constraints follow the relative weights of the terms in Equation 1. Thus, with constant length, first we need to preserve the base composition to keep the number of duplex hydrogen bonding unchanged. Second, for each base, we need to preserve the largest fraction of its stacking p-p interactions. This means that the nearest-neighbors of each base should be kept constant in the resulting 'daughter' linear polymers. Therefore, any 'daughter' DNA from an isostable set should be a permutation of certain blocks. By analogy, a 'mother' DNA polymer can be represented by a set of 'balls' connected by strings. We now 'throw them in the air' and cut the strings in few specific places such that no matter how the pieces re-shuffle upon landing, each base has the same nearestneighbors as before. We demonstrated above that finding the Eulerian paths in the graph G nn via its decomposition into cycles does exactly that (i.e. finds the places where to cut) in a direct way: the nodes in a T graph are the sites at which the string of the 'connected balls thrown in the air' has to be cut to generate a contextually isostable set of 'daughter' sequences. This is because arbitrary permutations of these segments generate new 'daughter' DNA sequences S p that are contextually isostable with the original 'mother' molecule S o (see Figure 3C ). This is the gain in information that DNA graphs provide over the dinucleotide profile. We cannot simply take the pre-defined number of dinucleotides and combine them arbitrarily into a linear polymer to preserve its stability. Our result shows that arbitrarily permutable units that provide contextually isostable daughter sequences are blocks of bases, represented by the branches in the template graph T. Generalization of this result (see below) shows what is a general form of graphs G nn up to G n, . . . , n representing DNA sequences that are contextually isostable on a higher than nearestneighbor approximation level.
Beyond the nearest-neighbor-higher levels of contextual isostability of DNA sequences
The topology of the template graph T and the final steps of the above described algorithm open the way for generating contextually isostable sequences that will have identical numbers of not only nearest-neighbor (nn), but also nextnearest-neighbor (nnn) and even higher (x times n) stacking interactions along their nucleobase sequence. The generalization requires only modified definition of the node labels in the template graphs. If instead of single base labels we use oriented 2-tuple (oriented means that the $AT$ label is different from the $TA$ label), then the topology of permutable segments will be XY-. . . -XY and the sequences [S p ] generated by systematic rearrangement of them will be contextually isostable at the nnn-level of thermodynamic approximation. In general, by labeling template graph nodes with oriented (xÀ1)-tuples of nucleobases, the sequences [S p ] will be contextually isostable at the (x times n)-level of thermodynamic approximation.
This method can be used as a standalone algorithm for generating contextually isostable sequences of the desired level of thermodynamic detail. However, it can be equally efficiently used as continuation of the rational design strategy described above. An example of this approach is shown in Figure 4 . Assume that the oligomer ATGACATGATCATCA is a member of a contextually isostable set of sequences. Because the definition of the node in any template graph is that its in-degree equals its out-degree which has to be larger than one, we can systematically scan the oligomer sequence for repeated occurrences of x-tuples. At each step, all identical x-tuples, if present, are joined into one node of the template graph T*. The rest of the sequence defines the loops in the template graph that, in turn, are invariable blocks to be systematically permuted. For the given 'mother' sequence, this generates all possible sets [S p ] X, . . . ,Y of contextually isostable sequences at the (x+1) times n-approximation level. For the oligomer in our example, the representative set of these higher-level template graphs is shown in Figure 4 . Also shown is the combined list of sequences generated from all T*'s by systematically rearranging their permutable segments.
Although theoretically one could increase the x-tuple label of the T* node up to half of the seed sequence length, for practical purposes we limit it to four nucleobases. This is because the probability of finding multiple occurrences of x-tuples in the sequence of a given length decreases rapidly with increasing x. At the same time, the contribution of the corresponding x times n neighbor interactions to the thermodynamic stability become negligible. We attach a Maplet application (designed with Maple v. 9.03; Maplesoft, Waterloo Maple Inc.) together with the source code and operating instructions as Supplementary Material.
RESULTS AND DISCUSSION
To demonstrate various practical aspects of our approach, several applications are presented. The first practical question to be answered is if the sets of contextually isostable sequences are large enough to provide sufficient numbers of sequences for further functional selection. For nn-approximation and G nn graphs, this question can be easily answered. In our previous paper (2), we modified the Aardene-Ehrenfest theorem (74) for DNA graphs G nn . This provides a formula that enumerates all Eulerian paths (representing contextually isostable 'daughter' DNA sequences) in graph G nn . Consider the 'mother' sequence CGTACAAGCCCTGGACGATCACTC-ACAATGACGAAATCATAGCCTCGATGATCCGACGTA-AA. Converting it into graph G nn and applying the enumeration formula from (2), we find that the number N D of 'daughter' sequences that are contextually isostable (on the nn-level) with this oligomer is $2.6 · 10 27 . This can be used as a reference for quantitative scoring of the gain of our approach. N D is only a fraction (1.1 · 10 À6 %) of the complete set of 2.1 · 10 37 62mers that would need to be generated and characterized by calculating T m in a complete brute-force search for isostable sequences. At the same time, it is a number large enough to ensure that there are plenty of sequences to be screened for practical applications. At the same time, however, this result reveals the other side of the coin: we see that even the sets of contextually isostable sequences might be too large for complete processing.
Sequence design to study electron transfer in DNA molecules
The next example is derived from the field of molecular electronics and relates to the study of electron transfer in DNA chains. It is known that $GG$ motifs in a DNA sequence function as traps for radical cations that can be generated photochemically by irradiating a DNA duplex complexed with light absorbing antraquinone derivatives. The relative distances of $GG$ motifs and the kind of bases between them determine the hoping rate of the radical cation (75) (76) (77) . To study the details of the transfer mechanism, idealized oligomers [(A) n GG] m and [(T) n GG] m with variable distances between the $GG$ motifs were studied recently (77) . In practice, it might be desirable to design more complex oligomers in which the $GG$ traps have variable distances but are placed within sequences that preserve the base stacking interactions throughout the whole polymer. We generated a series of contextually nn-isostable 'daughter' 60mers using the 'mother' sequence from (76) . This seed sequence was converted into graph G nn , which was in turn decomposed into basic cycles g k . We then used our algorithm to generate a set of 693 824 contextually isostable sequences from these base cycles. Their T m 's (predicted for the sake of stringency by a nnn-level thermodynamic model) were within -1 C, and 97% of them were within -0.5 C. Because of our construction from graph G nn representing the seed sequence, all these sequences contain exactly four $GG$ motifs at various positions. This demonstrates the design superiority of our approach: if further restrictions are imposed (e.g. the regularity of distances between the GG-traps), it is practically certain that the desired sequences will be found. This is demonstrated in Table 1 that contains oligomers [(GG)X m (GG)Y m (GG)] with regular distances m ranging from 8 to 14, which were selected from this contextually isostable set. The generation of this sequence pool took $30 s on a 2.66 GHz PC with 512 KB RAM. A text editor was then used to select the oligomers shown in Table 1 . The quantitative gain of using our method over a conventional sequence-design application can be estimated as follows. There are $1.4 · 10 36 60mers-an intractably large number of sequences for any processing and storage. We . Schematic representation of how to generate the set of sequences that are contextually isostable at the next-nearest-neighbor level. The 'mother' oligomer ATGACATGATCATCA is converted into template graphs T* by a systematic search for identically oriented 2-, 3-and 4-tuples. If more than one n-tuple is found in the sequence, they are combined into the node vertex of T*. This operation defines permutable segments. Their systematic permutation yields the contextually isostable 'daughter' oligomers, shown in the central panel. For comparison, multiple alignment of the resulting sequences using ClustalW is shown. therefore use 10 7 as the realistic number of sequences that can be processed. An alternative strategy to our approach would be to place the four $GG$ motifs randomly along the sequence and then fill-in the gaps in each oligomer from the pool of remaining bases of the 'mother' sequence to generate up to 10 7 daughter oligomers. This would be then followed by a (relatively complex) search for sequences having the same dinucleotide connections and frequency profile as the mother sequence. Finally, the oligomers with the desired distances between the GG-traps would be selected. Instead of this tedious process, our graph-based approach incorporates directly the goal of the design: every generated daughter sequence has the $GG$ traps in the same neighbor context. It also guarantees finding the solution and eliminates completely the most complex part of the alternative design. A smaller and thus more tractable dataset with no irrelevant sequences is an additional (but important) benefit of our approach.
Design of permutable blocks for the synthesis of contextually isostable zip-code sequences
In the next example, we demonstrate another novel aspect of working with contextually isostable sequences. The essential technological part of universal microarrays (78, 79) are so called zip-code sequences that, besides lacking any sequence similarity, need to be isostable. This allows for reactions on chip microarrays to be carried out at a single temperature, resulting in stringent and rapid hybridization. For technical reasons, zip-code sequences are sometimes synthesized from shorter blocks (e.g. 24mer from six 4mers). Our approach provides a tool for the rational design of such blocks and for tuning their properties to optimize the zip-sequence quality. Although a design based on thermodynamic properties cannot directly lead to such a sequence diversity that prevents cross-hybridization, our approach allows to incorporating some sequence features that overcome this inadequacy. For example, the periodicity of zip-code sequences constructed from blocks of equal length facilitates energetic stabilization of unrelated sequences when target and probe strands are shifted by multiples of the block lengths. To minimize this effect, blocks of unequal length can be used. The template graph in Figure 5A is a prototype for designing such blocks. To demonstrate the flexibility of our approach, we omit nucleobase labeling of template graph vertices within the permutable blocks. This can be done because only the topology of the template graph T* determines the contextual isostability of the generated sequences. Sequences synthesized from these blocks by systematic permutation will be contextually isostable, irrespective of the actual base composition of the permutable segments. This provides the opportunity to tune the thermodynamic properties of the zip-code sequences without changing the overall design. Two levels of T m modulations are possible. First, the node base X can be replaced and the composition of the remaining parts of T* are conserved. Selecting X = A or X = T will provide zip-code sequences with lower T m , selecting X = C or X = G will provide sequences with higher T m . This replacement might have an impact on the overall similarity or dissimilarity of the zip-code sequences. Thus, the second possibility is to permute systematically all bases in all positions (e.g. A!G, T!C, C!A and G!T). The new sequences will again be contextually isostable, although their T m will be different from that of the parent set. The dissimilarity of the respective sequences will be at least formally identical to that of the parent set. Here is the example of this design strategy: two eight-block sets were derived from the same template graph T* using two alternative associations of vertices with nucleobases. The template graphs T Ã 1 and T Ã 2 are shown in Figure 5B . The resulting permutable segments were systematically combined into a set of 40 320 37-meric zip-code sequences. T m predictions, calculated within the nnn-approximation for these two sets are shown in Table 2 .
Analysis of design feasibility for universal expression profiling microarrays
In the next example, we show how the Eulerian graph representation of the DNA sequence can help in answering basic questions related to practical aspects of microarray design. A recent proof of principle describes a novel hexamer-based universal microarray platform using a single hybridization step to expression profile a complete transcriptome (80) . A total cDNA is processed with two different restriction endonucleases and two adaptor ligations to generate equal length DNA fragments containing gene-identifying hexamer sequences. These fragments were detected by a complete set of all possible 4096 (4 6 ) hexameric tags printed on the microarray. Final ligation to the arrays yields thousands of 14mer sequence tags. However, before this system could be 
The presence of the relevant motif, (GG)X m (GG)Y m (GG), was directly incorporated into the generating graph G nn : it contained three and only three 'loops' on the G-vertex. Length, nucleobase composition and all nearest-neighbor interactions (up to the terminal residues) are identical within the set and are the same as for the seed sequence studied in (76) . See text for details.
A Figure 5 . Design of permutable blocks for the synthesis of contextually isostable zip-code sequences for universal microarrays. (A) Demonstration of the topology of template graph T* (top) and several arrangements of the permutable segments in the final zip-code templates. The permutable segments have different lengths to minimize cross-hybridization that derives from the periodicity of the zip sequences. The different shading of the template vertices demonstrates that contextual isostability is a property derived from the template graph topology, rather than from the concrete nucleobase identities. Vertices in the permutable blocks can be arbitrarily filled with any nucleobase. As long as these vertex assignments remain unchanged throughout the permutation, the resulting set of sequences will be contextually isostable. This increases the overall effectivity of the design: Once the satisfactory (sub)set of contextually isostable zip-sequences is selected, its common thermodynamic properties can be fine-tuned by systematic replacement of the nucleobases in the oligomers. (B) An example of how to adjust the T m for contextually nn-isostable 37mers, generated from eight permutable segments that are defined by the common template T*. The assignments of nucleobases to vertices in the right template (set 2) were generated by systematic replacements of A!G, T!C, C!A and G!T in the left template (set 1). The resulting block permutation yielded 40 320 sequences. T m predictions were calculated for these two series using all four selections of node base X = A, T, C and G. See Table 2 for results.
applied for expression analysis, 153 parameters needed to be experimentally determined using 2136 synthetic DNA oligomers to reveal the complexity of cross-hybridizations and enable quantitative analysis of the array (80, 81) . The largest numbers of these parameters are related to evaluating the impact of mismatches at individual positions and in the context of its 5 0 and 3 0 nearest-neighbors within the hexameric tag. Here, the theoretical ability to design a set of isostable sequences with identical next-nearest-neighbor interactions might reduce the number of parameters required because every potential mismatch will occur in the same context (has the same 5 0 and 3 0 neighbors). Hence, the experimental effort to design such a universal microarray might be reduced. To demonstrate this, we have to hypothesize that we can design a sufficient number of contextually isostable oligomers for such a microarray and still ensure a complete representation of the transcriptome.
Our graph-based approach provides a direct way to derive the length and topology of such sequences. In the previous section, we have shown that sequences characterized by the same subset of identical nnn-interactions can be constructed from permutable segments defined in Figure 6 . Our formalism also allows to determining how many permutable segments are needed to obtain the required number of such sequences. There are only 720 permutations (factorial of 6) of six blocks and 5040 permutations (7!) of seven blocks. This enumeration defines the general topology of the generating graph ( Figure 6) . As a result, we see that minimal the length of an oligomer with these special properties is 21 bases (this corresponds to one base per graph 'leaf' in Figure 5 71 XY with graph 'leafs' that alternate between one and two bases. In this second design topology, the selection of b xy b x(y+1) permutable blocks can be made to minimize the overall homology (e.g. b xy b x(y+1) " XY, etc.). Moreover, the length difference in the permutable blocks will help to break the unwanted periodicity of the XY segments that is unavoidable for the above 21mer design.
In summary, the graph-based analysis provides a reasonable basis for the evaluation of the original hypothesis. In this example, we can conclude that the deduced minimal length of 24mers prevents the realistic chance of finding a complete coverage of the transcriptome.
Optimal selection of targeted regions of natural genes
In this application, we take advantage of the fact that our fast graph-based algorithm generates large numbers of contextually isostable 'daughter' DNA oligomers, which inherit not only the stability but also dominant sequence features from their 'mother' molecule. We used this generating step in an alternative strategy that optimizes the selection of target sequences for gene expression microarrays. We compare the properties of the final set of targets to the commercial probes from Affymetrix YG98 yeast microarray. The basic idea of our novel approach is to select first the optimal (isostable and non-homologous) 'mother' sequences from the target genes. Each 'mother' sequence is subsequently used to generate a set of contextually isostable 'daughter' sequences, for which we search for their 'partners' in the genes. Our analysis of isostability via graphs G nn provides an additional characteristic ('potency') of every 'mother' molecule that is obtained by calculating the number of DNA-paths in its graph G nn . The combination of unique properties of novel, graph-based descriptors is used to streamline the selection process. Another advantage of this design strategy is its scalability. Every step of the algorithm is deterministic, which supports a parallel implementation on multi-processor platforms for large design projects.
The reference set of yeast sequences for this illustrative example was selected from 5885 yeast open reading frame (ORF) entries in the SGD database (82) by searching for those ORF sequences that contained one or more targets for Affymetrix yeast S98 probes (or their reverse complements). A total of 935 oligomers were found in 49 yeast ORF sequences in the database. The distribution of their T m , calculated within a nn-approximation, is shown in Figure 7A . This distribution spans 29 C and can be fitted by Gaussian function with halfwidth s = 5.0 C. To characterize the homology of probe sequences, we used the following quantitative characteristics Table 2 . Range of melting temperatures for the set of 40 320 zip-code sequences constructed from the T* graphs in Figure 5B Set Base X in the node Data are shown for all selections of node base X. T m s were predicted using the nnn-level of the thermodynamic model to increase stringency of the isothermality test. Figure 6 . Graph-based design of generalized permutable blocks for the generation of at least 4000 contextually isostable sequences with a given subset of next-nearest-neighbor (nnn-) interactions. This graph facilitates the feasibility analysis for the use of such sequences in n-mer-based universal microarrays for expression profiling (80) . See text for details. We did not attempt to use this algorithmically difficult descriptor here.) Next, the same set of 49 ORF sequences was used as the input into our method. First, 'mother' sequences were selected as follows: candidate probe oligomers from all 49 ORF sequences were characterized by adjacency matrices A(G nn ) and the number N M of DNA paths in their graph G nn . Only probes having N M > 50% of the maximum (N M ) max for each ORF were considered further. To avoid the homology of 'mother' sequences, we eliminated duplicities of adjacency matrices A(G nn ) in the set. The T m distribution was calculated for these most 'potent' and diverse 'mother' sequences. The iterative generation of 'daughters' started with the 'mother' and was characterized by the T m in the center of the most-populated temperature interval. We used the algorithm described here (see Figure 3) . In each set of 'daughter' sequences, we first eliminated occasional duplicities and sequence homologies >70% of the total probe length. In the following step, we searched through all ORF sequences for target regions, identical to any 'daughter' probe, allowing up to 3, 2, 1 and 0 mismatches per probetarget pair. The uniqueness of the probe to the particular target gene is controlled in this step: if for any given 'daughter' probe candidate we found two or more targets on different gene sequences, that probe is eliminated from the result. After all the 'daughter' sequences from the respective iteration step were screened, the 'mother' with T m closest to the first one entered the iteration. This process continued until all ORF sequences from the set were covered by at least one probe or the pool of 'mothers' was depleted.
The partner sequences (i.e. not daughters, but the oligomers that might differ from them up to the selected number of mismatches) were then subjected to the same characterization of their quality as the reference Affymetrix probe set. Figure 7B -E and Table 3 show the quantitatively scored improvements in properties of the respective probe sets. The improvement both in isothermality (by a factor of 7) and in sequence uniqueness over the Affymetrix probe set is obvious. Moreover, the method allows simple and very effective control of the outcome. Because the iteration starts with a 'mother' sequence, which has known difference in T m and the set of 'daughter' sequences is contextually isostable with it, the selection process can be interrupted at a pre-defined width of the predicted T m distribution. An essential feature of this novel selection strategy is the improvement in the level of diversity between the probes in the set. The utilization of the graph-based generation of probe candidates enabled us to incorporate both isothermality and the non-cross-hybridization requirements directly into the design process. This is facilitated by the high level of sequence context information encoded in the graph characterization of the DNA. The contextual diversity of 'mother' sequences with different graphs G nn is inherited by daughter candidates and that property is passed (with the level controlled by the fraction of allowed differences between daughter and target sequences) to the final outcome of the design process.
CONCLUSIONS
Here, we present a novel method for the rational design of optimized DNA sequences for a wide range of technological applications. The advantages of our new Eulerian graph-based design concept can be summarized as follows: the sets of contextually isostable sequences exhibit extremely narrow ranges of melting temperatures, a requirement that is central to all applications. Furthermore, the mathematical tools of our graph-based method allow to imposing very complex and detailed requirements on the sequences to be generated. These requirements are then automatically satisfied without exception in every one of them. More importantly, the molecular part of the design process can be done without computer assistance, in a highly efficient engineering fashion-by drawing a 'blueprint' graph G, or, by partitioning the total numbers of each base into three components by writing the 'crossword-puzzle' adjacency matrix A(G) (following the rules in Equation 3 ). The efficiency of this stage stems from the fact that a single graph can represent enormous numbers of sequences with the desired properties. The method eliminates the necessity of extensive thermodynamic calculations. The melting temperature can be calculated only once or not at all; yet the isostability of the sequences is guaranteed and independent of the selection of a particular set of thermodynamic parameters.
One important question is how close the theoretical T m of a contextually isostable sequence set is likely to be to the real T m s of a set of sequences selected for experimental validation from the identified 'daughter' sequence pool. Of course, because the method is based on Equation 1, it cannot predict a Probe set identification-Affymetrix-probes from YG98 microarray, x MM-sets designed by method described in this paper, allowing x mismatches between 'daughter' and target sequence. b Total interval of melting temperatures calculated from probe sequences using nn-approximation. c Half-width of the Gaussian function fitted to the T m histograms in Figure 7 (regression coefficients >0.9). d Characterization of the probe sequence homology using the [H] matrix (see text for details). The number is the fraction of the total number of probes that are nonhomologous to any other probe in the set. The criterion for any pair of probes was that no more than 60% complementary bases and no continuous segment of complementary bases longer than 50% of the probe length were found.
a T m closer than what current algorithms for T m calculations allow. Correction of any disparity between a thermodynamic model and experimental stability of DNA duplexes-as was for example observed for oligomers on microarrays or metal nanoparticles (83)-can in principle be achieved in two ways. One is to determine new, more precise and for example microarray-specific thermodynamic parameters. The other is to fundamentally change the thermodynamic model itself by incorporating additional system descriptors (state functions) that go beyond the hydrogen bonding, nucleation, stacking, ionic strength, etc. Important advantage of our approach concerning parameters is the fact that our method is parameterindependent. The molecular identities of 'daughters' in our contextually isostable oligomer sets will never change with improved quality of thermodynamic parameters that might emerge from increasingly precise calorimetric and other experimental studies. Second, the narrowness of T m distribution within this set is also constant. The only change that might be observed upon the changed parameters (see Equation 1) is the actual value of the predicted T m . Concerning the thermodynamic model itself, it is of course difficult to anticipate the putative impact that a complete change in the assumptions and principles underlying Equation 1 would bring about. Nevertheless, if there is any theoretical possibility that novel thermodynamic contributors will be oligomer dependent, then the sequence context will again be important to predict their quantitative impact. To this effect, it is important to realize that our sequences are not only predicted to be thermodynamically isostable but are necessarily and under all circumstances contextually homogeneous. This last property is perhaps more relevant than the value of the calculated T m itself, because it guarantees that other DNA properties that are contextually dependent will have the narrowest possible distributions for our set than for any other methods of selection would produce. For a biologically most relevant application-the selection of probes for microarray functional genomics applicationsour graph-based approach supplements existing strategies with a streamlined alternative. The first level benefit of this approach is a direct consequence of the possibility to select probe sequence properties and their differences collectively on the level of (few) 'mother' oligomers. These features are inherited by the 'daughter' sequence sets, which are much smaller than those of probe candidates in various steps of existing methods. It is therefore easier and faster to eliminate sequences that violate requirements for uniqueness and noncross-hybridization. This feature of our method is best quantified by the relative sizes of 'cliques' of mutually nonhomologous probes in Table 3 . In summary, graph-based generation of contextually isostable sequences opens the possibility to define a priori technological criteria for the microarray probes and to match these criteria optimally for a given set of natural gene sequences by choosing the characteristics of graphs representing the probe candidates.
Last but not least, the molecular insight into the 'anatomy' of contextual isostability that our approach provides opens new possibilities for detailed experimental and theoretical studies of relationships between a DNA sequence and its properties and functions.
The interface to the program that generates 'daughter' sequences using DNA graphs G nn is made available on http://max2.physics.sunysb.edu/users/pancoska/sage.html.
